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GENERALIZED FOURIER-MUKAI TRANSFORMS
ANTONY MACIOCIA
Abstract. We study a generalization of the Fourier-Mukai transform for smooth projective
varieties. We find conditions under which the transform satisfies an inversion theorem. This
is done by considering a series of four conditions on such transforms which increasingly
constrain them. We show that a necessary condition for the existence of such transforms
is that the first Chern classes must vanish and the dimensions of the varieties must be
equal. We introduce the notion of bi-universal sheaves. Some examples are discussed and
new applications are given, for example, to prove that on polarised abelian varieties, each
Hilbert scheme of points arises as a component of the moduli space of simple bundles. The
transforms are used to prove the existence of numerical constraints on the Chern classes of
stable bundles.
Introduction
A Fourier transform could be loosely be described as ‘pullback a function to Rn × Rn
multiply by exp(2πi〈x, y〉) and take the direct image (integrate) with respect to the second
variable’. If we regard this as a transformation from L2 integrable functions to themselves
then this satisfies certain useful properties such as having an inverse, the Parseval theorem,
the convolution theorem, etc. The Fourier-Mukai transform was introduced in [12] and is
formally analogous to the Fourier transform but acts on the derived category of (bounded)
complexes of sheaves on an abelian variety T and maps this to the same category but for the
dual abelian Tˆ variety. It too satisfies useful properties such as the Fourier Inversion Theorem
(FIT), the Parseval Theorem, the Convolution Theorem, etc (see [13]). More precisely, the
role of exp(2πi〈x, y〉) is played by the Poincare´ line bundle over T × Tˆ and the direct image
needs to be derived.
In [14], Mukai showed that a similar transform gave rise to a FIT on the level of K-Theory
using the universal bundle E over S × M(S) instead of the Poincare´ bundle, where S is
a K3 surface and M(S) ∼= S is a two dimensional moduli space of simple sheaves on S.
This was shown to give rise to a FIT in [1] and which satisfies the Parseval Theorem. The
question arises: when do such transformations give rise to Inversion Theorems in more general
contexts? We shall go some way to answering this question in this paper by classifying such
transformations and giving conditions that they give rise to Inversion Theorems. We shall
restrict our attention in the examples to the case of holomorphic varieties although it is not
too hard to extend our results to the case of varieties over more general fields. The theorems
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2are at their strongest in dimensions 1 and 2 but restricted forms apply to higher dimensions
as well. Our first aim is to give a rough classification of such transforms.
In section 7 we study two applications of the theory of Fourier-Mukai transforms to the case
of abelian varieties. A new transform is constructed which is based on a certain component
of the moduli space of simple bundles on abelian varieties. This is then used to deduce quite
quickly that each Hilbert scheme of points arises as a component of the moduli space of
simple torsion-free sheaves. This is expressed in Theorem 7.10. We can also use these the
general theory to prove that if the torus acts freely and effectively on any moduli component
then the Euler characteristic of the sheaves parametrised by that component must be ±1 (see
Theorem 7.9).
Notation 0.1. We shall let X and Y be two smooth varieties and we shall consider pairs of
functors RΦ : D(X) → D(Y ) and RΦˆ : D(Y ) → D(X), where D(X) denotes the derived
category of bounded complexes of coherent sheaves on X. In this paper, for the sake of clarity,
we give names to the various possible types of such pairs. We use the terms invertible cor-
respondence, adjunction, Verdier and Fourier-Mukai type. These are not mutually exclusive
conditions. They are each treated in the first four sections.
We use the notation TE to denote the functor F 7→ E
L
⊗ F : D(X) → D(X), where
E ∈ D(X).
1. Invertible correspondences and resolutions of the diagonal
Let X
x
←−Z
y
−→ Y be flat maps of smooth quasi-projective varieties. Let D(S) denote the
derived category of bounded complexes of coherent sheaves on S. Fix two objects P and Q
in D(Z) and define two functors RΦP : D(X)→ D(Y ) and RΦˆQ : D(Y )→ D(X) by
RΦP (−) = Ry∗(x
∗ −
L
⊗P )
RΦˆQ(−) = Rx∗(y
∗ −
L
⊗Q).
Let Z
py
←− Zy
p′y
−→ Z (respectively Zx) be the pullback of y (respectively x) along itself. Let
qx : Zy → X ×X and qy : Zx → Y × Y be the maps defined by (x◦py, x◦p
′
y) and (y◦px, y◦p
′
x).
Theorem 1.1. RΦP and RΦˆQ give an equivalence of categories (after a shift of complexes)
if and only if the following two conditions hold:
(i) Rqx∗(p
∗
yP
L
⊗ p′∗y Q)
∼= O∆[r]
(ii) Rqy∗(p
′∗
x P
L
⊗ p∗xQ)
∼= O∆′ [r],
where O∆ is the structure sheaf of the diagonal ∆ ⊂ X × X, O
′
∆ is the structure sheaf of
diagonal ∆′ in Y × Y , and r is an integer. All isomorphisms are quasi-isomorphisms of
complexes.
In other words we must have that the LHS’s of (i) and (ii) are resolutions of the both
diagonals if we are to have an inversion theorem for such transforms. The proof of the
sufficiency of the conditions is, of course, well known and fairly trivial, but the proof of
necessity does require some care and so we reproduce it here.
3Proof. 1 Without loss of generality we set r = 0. Condition (i) will be equivalent to the fact
that RΦP has a left inverse and (ii) will be the corresponding statement for RΦˆQ. Hence, it
suffices to consider only (i).
Now, RΦˆQ◦RΦP (E) = Rx∗
(
y∗Ry∗(x
∗E
L
⊗P )
L
⊗Q
)
. Using Zy and the base-change formula
we can write this as
Rx∗
(
Rp′y∗(p
∗
yx
∗E
L
⊗ p∗yP )
L
⊗Q
)
.
Using the projection formula (and the hypotheses on X, Y and Z we have
R(x◦p′y)∗
(
(x◦py)
∗E
L
⊗ p∗yP
L
⊗ p′∗y Q
)
.
Let p1 and p2 denote the projections X × X → X. Then x◦py = p1◦qx and x◦p
′
y = p2◦qx.
Substituting these and using the projection formula again we have
Rp2∗
(
p∗1E
L
⊗Rqx∗(p
∗
yP
L
⊗ p′∗y Q)
)
.(1.1)
Suppose condition (i) holds then
RΦˆQ◦RΦP = Rp2∗(p
∗
2E
L
⊗ O∆) = E.
This proves the sufficiency of (i). To see that it is necessary observe that 1.1 still holds.
Assume that RΦˆQ◦RΦP
•
∼= Id and put E = Oα, the structure sheaf of a point α ∈ X. Let A•
be a (bounded) complex of locally-free OX×X -modules representing Γ = Rqx∗(p
∗
yP
L
⊗ p′∗y Q).
By assumption, we have the quasi-isomorphism
Rp2∗(Γ
L
⊗ p∗1Oα) ≃ Oα.(1.2)
Then
R∗p2∗(Γ
L
⊗ p∗1Oα) = H
∗
(
p2∗(A• ⊗ p
∗
1Oα)
)
.
But this is concentrated in position 0 and so we see that Hi(A• ⊗ p
∗
1Oα) = 0 for all i 6= 0 and
so Γ is flat over p1. Now the fibres of Γ are given by Γ(α,β) = Rp2∗(Γ⊗p
∗
1Oα⊗p
∗
2Oβ). We can
rewrite this as Rp2∗(Γ⊗ p
∗
1Oα)⊗Oβ = Oα⊗Oβ. This is zero if α 6= β. Hence, Γ is supported
on ∆X and the case α = β implies that it has rank 1 everywhere along this diagonal. If we
now substitute E = OX then a standard hypercohomology argument shows that it must also
be trivial.
Definition 1.2. We shall call functors RΦ and RΦˆ a invertible correspondence transforms if
they satisfy the conditions of Theorem 1.1. These can also be thought of as transformations
satisfying the ‘Fourier Inversion Theorem’ or FIT.
The invertible correspondence transforms should be compared to the notion of tilting trans-
forms for categories of modules over associative rings. Details of this can be found in [18].
As an intermediate example one can consider the Beilinson spectral sequence which could
be viewed as a composition of derived functors from the derived category of coherent sheaves
on CPn to the derived category of finitely generated modules over a suitable algebra (the
path algebra of a certain quiver) see [2] and [3]. This also works for more general varieties,
see King [10].
1I am grateful to the referee for pointing out a simplification in the original version of this proof
4We shall see in section 3 that when we consider invertible correspondences for varieties
then their existence imposes quite strong condition on the varieties.
2. Transforms of Adjunction Type
In this section we shall look briefly at the categorical aspects of equivalences of such trans-
forms. The following is well known:
Theorem 2.1. (See [11]). Let F : A → B and G : B → A be two functors of categories. If F
and G give rise to an equivalence of categories (i.e. F ◦G and G◦F are naturally equivalent to
their respective identity functors) then F ⊣ G ⊣ F . Conversely, if F ⊣ G ⊣ F and F is fully
faithful such that it surjects on objects up to isomorphism (we shall say quasi-surjects) then
F and G determine an equivalence of categories.
Definition 2.2. We say that a pair of functors F and G are a transform of adjunction type
if F ⊣ G ⊣ F .
The theorem says that invertible correspondence transforms are adjunction transforms.
When we have an adjunction type transform then we often already know that the functors
are inverses on one side. For example, suppose that we already know that the adjunction gives
rise to GF
•
∼= Id. Recall that an adjunction gives rise to natural transformations η : Id
•
−→GF
and ǫ : FG
•
−→ Id called the unit and counit of the adjunction F ⊣ G similarly G ⊣ F gives
rise to η′ : Id
•
−→FG and ǫ′ : GF
•
−→ Id. Then it is well known that G is faithful if and only
if ǫa is epi for all a and G is full if and only if ǫa is split monic (i.e. has a left inverse). The
same holds for F if we replace ǫ by ǫ′. If we already know that ǫ′ is a natural isomorphism
then F must be full and faithful and that G is full. But GFa ∼= a for each a and so G must
quasi-surject on objects. It now follows that F and G are an equivalence of categories if and
only if G is faithful. We summarise this in the following.
Proposition 2.3. Suppose that F and G form a transform of adjunction type such that
GF
•
−→ Id is an isomorphism. Then F satisfies the Parseval Theorem:
Hom(a, b) ∼= Hom(Fa, Fb)
Furthermore, F and G form an equivalence of categories if and only if G satisfies the Parseval
Theorem.
3. Transforms of Verdier Type
We now look at more specific transforms. We limit ourselves to smooth projective varieties
X and Y and let Z = X × Y . Let n = dimX and m = dimY . Note that we have
RΦˆ(F ) = Rx∗RHom(P, y
∗F ),
where Q = RHom(P,O) and P is a sheaf. We shall see that this choice of Q is forced on
us up to the pullback of (a power of) the canonical bundle and a shift. Recall that we have
Grothendieck-Verdier duality:
HomD(X)(Rx∗F,G) ∼= HomD(X×Y )(F, x
∗G
L
⊗ y∗ωY [n]).
HomD(Y )(Ry∗F,G) ∼= HomD(X×Y )(F, y
∗G
L
⊗ x∗ωX [m]).
(see Hartshorne [8]III.11). Applying this and the classical adjunction f∗ ⊣ Rf∗ to RΦ and
RΦˆ we obtain
